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1. Introduction 

This paper is a survey article on the recent developments of semi¬ 
positivity, injectivity, and vanishing theorems for higher-dimensional 
complex projective varieties (see, for example, [Fn7], [Fn9], [Full], 
[FF], and [FFS]). 

We know that many important generalizations of the Kodaira vanish¬ 
ing theorem, for example, the Kawamata-Viehweg vanishing theorem. 
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Kollar’s injectivity, torsion-free, and vanishing theorems, the Nadel 
vanishing theorem, and so on, were obtained in 1980s. They have al¬ 
ready played crucial roles in the study of higher-dimensional complex 
projective varieties. We note that the Fujita-Zucker-Kawamata semi¬ 
positivity theorem for direct images of relative canonical bundles has 
also played important roles. One of my main motivations was to es¬ 
tablish a more general cohomological package based on the theory of 
mixed Hodge structures on cohomology with compact support. Now I 
think that our new results are almost satisfactory (see Theorems 2.12, 
2.13, and 3.6). They are waiting for applications. I hope that the 
reader would hnd various applications of our semipositivity, injectivity, 
and vanishing theorems. 

Let us see the contents of this paper. In Section 2, we hrst discuss 
the Hodge theoretic aspect of Kodaira-type vanishing theorems (see, 
for example, [EV], [Ko4, Part HI], [Fn7], [Fn9], and [Full]). I empha¬ 
size the importance of Kollar’s injectivity theorem and its generaliza¬ 
tions. I think that one of the most important recent developments is 
the introduction of mixed Hodge structures on cohomology with com¬ 
pact support in order to generalize Kollar’s injectivity theorem (see, 
for example, [Fn3], [Fn7], [Fn9], and [Full]). Next we discuss Enoki’s 
injectivity theorem, which is an analytic counterpart of Kollar’s injec¬ 
tivity theorem. I like Enoki’s idea since it is very simple and powerful. 
Enoki’s proof only uses the standard results of the theory of harmonic 
forms on compact Kahler manifolds. Although I obtained some gen¬ 
eralizations of Enoki’s injectivity theorem and their applications (see 
[Fn4] and [Fn5]), I think that they are not satisfactory for most geo¬ 
metric applications. 

In Section 3, we treat several semipositivity theorems for direct im¬ 
ages of relative (log) canonical bundles and relative pluricanonical bun¬ 
dles. The (numerical) semipositivity of direct images of relative (log) 
canonical bundles discussed in this paper is more or less Hodge theo¬ 
retic. Note that mixed Hodge structures on cohomology with compact 
support are also very useful for semipositivity theorems. By consider¬ 
ing their variations, we can prove a powerful semipositivity theorem by 
the theory of gradedly polarizable admissible variation of mixed Hodge 
structure (see [FF] and [FFS]). Unfortunately, since I am not familiar 
with the recent developments of semipositivity theorems by meth¬ 
ods, I do not discuss the analytic aspect of semipositivity theorems in 
this paper. In Subsection 3.1, we explain new semipositivity theorems 
for direct images of relative pluricanonical bundles with the aid of the 
minimal model program (see [Fnl2]). I think that it is highly desirable 
to recover them without using the minimal model program. 
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In Section 4, we will see that pluricanonical divisors sometimes be¬ 
have much better than canonical divisors. We discuss two different 
topics. In Subsection 4.1, we explain Kollar’s famous result on pluri- 
genera in etale covers of smooth projective varieties of general type. We 
give Lazarsfeld’s proof using the theory of asymptotic multiplier ideal 
sheaves for the reader’s convenience and also a proof based on the min¬ 
imal model program. The proof based on the minimal model program 
is harder than Lazarsfeld’s proof but is interesting and natural from 
the minimal model theoretic viewpoint. In Subsection 4.2, we explain 
Viehweg’s ampleness theorem for direct images of relative pluricanon¬ 
ical bundles, which is buried in Viehweg’s papers. I think that these 
results may help the reader to understand the reason why we should 
consider pluricanonical divisors for the study of higher-dimensional al¬ 
gebraic varieties. 

In Section 5, we quickly review the finite generation of (log) canoni¬ 
cal rings due to Birkar-Cascini-Hacon-M^Kernan. I want to emphasize 
that we need the semipositivity theorem discussed in Section 3 when 
we treat (log) canonical rings for varieties which are not of (log) gen¬ 
eral type (see [FMo] and [FnlO]). We also explain the nonvanishing 
conjecture, which is one of the most important conjectures for higher¬ 
dimensional complex projective varieties. 

Section 6 is an appendix, where we collect some definitions with the 
intention of helping the reader to understand this paper. The reader 
can read each section separately. 

Acknowledgments. The author was partially supported by Grant-in- 
Aid for Young Scientists (A) 24684002 and Grant-in-Aid for Scientific 
Research (S) 24224001 from JSPS. He thanks Professor Steven Zucker 
for useful comments and advice. He also thanks Professor Fabrizio 
Gatanese for answering his questions and Yoshinori Gongyo for various 
discussions. Finally, he thanks Shin-ichi Matsumura for sending his 
preprints. 

We will work over C, the complex number field, throughout this 
paper. In this paper, a scheme means a separated scheme of finite type 
over C. 

2. On injectivity theorems and vanishing theorems 

I think that one of the most fundamental results for complex pro¬ 
jective varieties is Kollar’s injectivity theorem (see Theorem 2.1). The 
importance of the Kawamata-Viehweg (or Nadel) vanishing theorem 
for the study of higher-dimensional complex algebraic varieties is re¬ 
peatedly emphasized in many papers and textbooks (see, for example. 
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[KoM] and [Laz]). On the other hand, I think that the importance 
of Kollar’s injectivity theorem has not been emphasized so far in the 
standard literature. 

Let us recall Kollar’s injectivity theorem. 

Theorem 2.1 ([Kol, Theorem 2.2]). Let X be a smooth projeetive 
variety and let L be a semiample Cartier divisor on X, that is, the 
eomplete linear system \mL\ has no base points for some positive integer 
m. Let D be a member of \kL\ for some positive integer k. Then 

H\X, Ox{Kx + IL)) ^ H\X, Ox{Kx + (/ + k)L)), 

induced by the natural inclusion Ox Ox(L)) ~ Ox{kL), is injective 
for every i and every positive integer 1. 

Remark 2.2. If we assume that L is ample, I = 1, and k is sufficiently 
large in Theorem 2.1, then we obtain that 

HfX, Ox{Kx + L)) ^ H\X, Ox{Kx + (1 + k)L)) = 0 

for every i > 0 by Serre’s vanishing theorem. Therefore, Theorem 2.1 
quickly recovers the Kodaira vanishing theorem for projective varieties 
(see Theorem 2.3 below). 

For the reader’s convenience, we recall: 

Theorem 2.3 (Kodaira vanishing theorem for projective varieties). 
Let X be a smooth projective variety and let L be an ample Cartier 
divisor on X. Then we have 

H\X, Ox{Kx + L)) = 0 

for every i > 0. 

We will give a proof of Theorem 2.3 after we discuss i?i-degenerations 
of Hodge to de Rham type spectral sequences. 

Note that Theorem 2.1 is obviously a generalization of Tankeev’s 
pioneering result. 

Theorem 2.4 ([Tan, Proposition 1]). Let X be a smooth projective 
variety with dimX > 2. Assume that the complete linear system \L\ 
has no base points and determines a morphism 4>|i| \ X ^ Y onto a 
variety Y with dimK > 2. Then 

H%X, Ox{Kx + 2D)) ^ H\D, Od{{Kx + 2D)\d)) 

is surjective for almost all divisors D E \L\. Equivalently, 

H\X, Ox{Kx + D)) -E H\X, Ox{Kx + 2D)) 

is injective for almost all divisors D E \L\. 


ON SEMIPOSITIVITY, INJECTIVITY AND VANISHING THEOREMS 


5 


By Theorem 2.1, we can prove: 

Theorem 2.5 ([Kol, Theorem 2.1]). Let X be a smooth projeetive 
variety, let Y he an arbitrary projeetive variety, and let f ■. X ^ Y be 
a surjective morphism. Then we have the following properties. 

(i) BJ'f„Ox{Kx) is torsion-free for every i. 

(ii) Let H he an ample Cartier divisor on Y, then 

W{Y, Oy{H) 0 BdUOx{Kx)) = 0 
for every j > 0 and every i. 

Theorem 2.5 (i) and (ii) are called Kollar’s torsion-freeness and the 
Kollar vanishing theorem respectively. We give a small remark on 
Theorem 2.5. 

Remark 2.6. If / = idx : X ^ X in Theorem 2.5 (ii), then we have 
H\X, Ox{Kx + H)) = 0 for every i > 0 and every ample Cartier di¬ 
visor H on X. This is nothing but the Kodaira vanishing theorem for 
projective varieties (see Theorem 2.3). If / is birational in Theorem 
2.5 (i), then f^Ox{Kx) = 0 for every i > 0 since fjOx{Kx) is 
a torsion sheaf for every i > 0. This is the Grauert-Riemenschneider 
vanishing theorem for birational morphisms between projective vari¬ 
eties. 

In [Kol], Kollar proved Theorem 2.1 and Theorem 2.5 simultane¬ 
ously. Therefore, the relationship between Theorem 2.1 and Theorem 
2.5 is not clear in [Kol]. Now it is well-known that Theorem 2.1 and 
Theorem 2.5 are equivalent by the works of Kollar himself and Esnault- 
Viehweg (see, for example, [Ko4, Chapter 9] and [EV]). We note that 
Theorem 2.1 follows from the Ei-degeneration of Hodge to de Rham 
spectral sequence. 

2.7 (El-degeneration of Hodge to de Rham spectral sequence). Let V 
be a smooth projective variety. Then the spectral sequence 

^fy) => C) 

degenerates at Ei. This is a direct consequence of the Hodge decom¬ 
position for compact Kahler manifolds. 

Therefore, we can see that Theorem 2.1 is a result of the theory of 
pure Hodge structures. Thus, it is natural to consider mixed general¬ 
izations of Theorem 2.1. 

We do not repeat the proof of Theorem 2.1 depending on the Ei- 
degeneration of Hodge to de Rham spectral sequence in 2.7 here. For 
the details, see, for example, [Ko4, Chapter 9] and [EV]. 
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2.8. We note Deligne’s famous generalization of the E'l-degeneration 
in 2.7. Let V he & smooth projective variety and let A be a simple 
normal crossing divisor on V. Then the spectral sequence 

= H\V,nPy{log A)) ^ HP+'1{V\ A, C) 

degenerates at Ei by Deligne’s theory of mixed Hodge structures for 
smooth noncompact algebraic varieties (see [Del]). 

Unfortunately, the Ui-degeneration in 2.8 seems to produce no use¬ 
ful generalizations of Theorem 2.1. We think that the following Ei- 
degeneration is a correct ingredient for mixed generalizations of Theo¬ 
rem 2.1. 

2.9. Let V and A be as in 2.8. Then the spectral sequence 

D^(log A) (8) Ov{-A)) => HP+’^iV \ A, C) 

degenerates at Ei. This is a consequence of mixed Hodge structures 
on cohomology with compact support H*{V \ A, C). 

Remark 2.10. In 2.9, we see that i7^(U, Dy(log A)(8)Oy(—A)) is dual 
to Dy~^(log A)) by Serre duality, where n = dimU. More¬ 
over, HP~^‘^{V \ A,C) is dual to {V \ A,C) by Poincare du¬ 

ality. Therefore, we can check the Ui-degeneration in 2.9 by the Ei- 
degeneration in 2.8. However, it is better to discuss mixed Hodge 
structures on cohomology with compact support in order to treat more 
general situations below (see Theorem 2.12, Theorem 2.13, Theorem 
3.6, and so on). 

We give a proof of the Kodaira vanishing theorem for projective 
varieties by using the Ui-degeneration in 2.9 in order to get the reader 
to grow more comfortable with the Ui-degeneration in 2.9. 

Proof of Theorem 2.3. By the standard covering trick (see, for exam¬ 
ple, Step 1 in the proof of [Kol, Theorem 2.2]), we can reduce Theorem 
2.3 to the case when the complete linear system \L\ has no base points. 
So, we assume that \L\ has no base points for simplicity. We take a 
smooth member D of \L\ by Bertini’s theorem. We put l : X\D ^ X. 
By the i7i-degeneration of 

= R^(A, D^(logD) (g) Ox{-D)) => Hf^‘^{X \ D, C), 

we obtain that the natural map 

TT : H^{X, uCx\d) ^ H^{X, Ox{-D)) 

induced by i\E.x\D C Ox{—D) is surjective for every j. Since 

oCx\D c Ox{-mD) C Ox{-D) 
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for every m > 1, we obtain that 

TT : i^Cx\D) ^ H^{X, Ox{-mD)) 4 H^{X, Ox{-D)) 

and that p is surjective for every j. Note that H^(X, Oxi—mD)) = 0 
for j < diniX and for m 3> 0 by the Serre vanishing theorem. Thus 
we obtain that H^{X, Oxi—D)) = 0 for j < dimX. By Serre duality, 
we have H’'{X, Ox{Kx + D)) = 0 for every i > 0. □ 

We next give a remark on [EV]. 

Remark 2.11. Let E be a smooth projective variety and lei A + B 
be a simple normal crossing divisor on V such that A and B have no 
common irreducible components. In [EV], Esnault-Viehweg discussed 
the El-degeneration of 

Ef’'' = H^iy, fl^(log(Al + B)) ® Ov{-B)) 

=> f^^(log(kl + B)) ® Ov{-B)) 

(see also [DI]). This Ei-degeneration contains the Ei-degenerations in 
2.8 and in 2.9 as special cases. However, they did not pursue geometric 
applications of the Ei-degeneration in 2.9, that is, in the case when 
H = 0. 

By using the Ei-degeneration in 2.9 and some more general Ei- 
degenerations arising from mixed Hodge structures on cohomology with 
compact support, we can obtain various generalizations of Theorem 2.1 
and Theorem 2.5. We write the following useful generalizations with¬ 
out explaining the precise dehnitions and the notation here (see 6.6, 
6.7, 6.8, 6.9 in Section 6). 

Theorem 2.12 (Injectivity theorem for simple normal crossing pairs). 
Let {X, A) be a simple normal crossing pair such that A is an M.-divisor 
on X whose coefficients are in [0,1], and let ti : X ^ V be a proper 
morphism between schemes. Let L be a Cartier divisor on X and let D 
be an effective Cartier divisor that is permissible with respect to {X, A). 
Assume the following conditions. 

(i) L Kx + X + H, 

(ii) H is a TT-semiample 'R-divisor, and 

(iii) tH ~]R D + D' for some positive real number t, where D' is 
an effective R-Cartier R-divisor that is permissible with respect 
to (V, A). 

Then the homomorphisms 

RH,Ox{L) ^ RH,Ox{L + E), 
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which are induced by the natural inclusion Ox ^ Ox{D), are injective 
for all q. 

Theorem 2.12 is a generalization of Theorem 2.1. 

Theorem 2.13. Let f : (T, A) X be a proper morphism from an 
embedded simple normal crossing pair {Y, A) to a scheme X sueh that 
A is an M.-divisor whose coefficients are in [0,1]- Let L be a Cartier 
divisor on Y and let q he an arbitrary nonnegative integer. Then we 
have the following properties. 

(i) Assume that L — {Ky + A) is f-semi-ample. Then every asso¬ 
ciated prime of f^Oyi^L) is the generic point of the f-image 
of some stratum of (T, A). 

(ii) Let IT : X ^ V be a proper morphism between schemes. Assume 
that 

rn r^uL-{Ky + A), 

where H is nef and log big over V with respect to f : (Y, A) 

X. Then we have 

RPTT.R'^f.OyiL) = 0 

for every p > 0. 

Theorem 2.13 (i) and (ii) are generalizations of Theorem 2.5 (i) and 
(ii) respectively. For the details, see, for example, [Fn3, Sections 5 
and 6], [Fn7, Theorem 1.1], [Fn9, Theorem 1.1], and [Full, Chapter 
5]. Note that Theorem 2.12 and Theorem 2.13 have already played 
crucial roles in the proof of the fundamental theorems for log canonical 
pairs and semi-log canonical pairs (see, for example, [Fn3], [Fn6], and 
IFiill]). 

Anyway, the formulation of Theorem 2.12 and Theorem 2.13 is nat¬ 
ural and useful from the minimal model theoretic viewpoint, although 
it may look unduly technical and artihcial. 

Remark 2.14. Let V and A be as in 2.8. In the traditional framework, 
Ov{Kv + A) was recognized to be det fly (log A). On the other hand, 
in our new framework for vanishing theorems, we see Ov{Ky + A) as 

Romo^{Ov{—A), Ov{Kv)) 
and Ov{—A) as the 0th term of Oy(log A) 0 Ov{—A). 

I think that it is not so easy to understand the statements of Theorem 
2.12 and Theorem 2.13. So we give a very special case of Theorem 2.12 
to clarify the main difference between Theorem 2.1 and Theorem 2.12. 
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Theorem 2.15. Let X be a smooth projective variety and let A be a 
simple normal crossing divisor on X. Let L be a semiample Cartier 
divisor on X and let D be a member of \kL\ for some positive integer 
k such that D contains no strata of A. Then the homomorphism 

H\X, Ox{Kx + A + IL)) ^ H\X, Ox{Kx + A + (/ + k)L)) 

induced by the natural inclusion Ox Ox{L)) is injective for every 
positive integer I and every i. 

If A = 0 in the above, then Theorem 2.15 is nothing but Kollar’s 
original injectivity theorem (Theorem 2.1). 

Remark 2.16. Let A be a simple normal crossing divisor on a smooth 
variety X. Let A = ^e the irreducible decomposition of A. 

Then a closed subset IT of A is called a stratum of A if IT is an 
irreducible component of Aj^ fl ■ ■ • fl Aj^. for some {ii, • • • , 4} C I. 

Remark 2.17. Let A be a simple normal crossing divisor on a smooth 
variety V. Then IT is a stratum of A if and only if IT is a log canonical 
center of (T, A) (see 6.5 in Section 6). 

We have discussed the Hodge theoretic aspect of Kodaira-type van¬ 
ishing theorems. For the details and various related topics, see [EV],[Ko4, 
Part III], [Full], and references therein. 

2.1. Complex analytic setting. After Kollar obtained Theorem 2.1, 
Enoki (see [Eno, Theorem 0.2]) proved: 

Theorem 2.18 (Enoki’s injectivity theorem). Let X be a compact 
K abler manifold and let C be a semipositive line bundle on X . Then, 
for any nonzero holomorphic section s of with some positive integer 
k, the multiplication homomorphism 

xs : H\X, ux ® H\X, ojx ® 

induced by ®s, is injective for every i and every positive integer 1. 

Remark 2.19. Let £ be a holomorphic line bundle on a compact 
Kahler manifold X. We say that C is semipositive if there exists a 
smooth hermitian metric h on C such that \/—10/j(£) is a semipositive 
(1, l)-form on X, where Qh{A) = is the curvature form and D(^c,h) 

is the Chern connection of (£, h). 

Remark 2.20. Let A be a smooth projective variety and let C be 
a line bundle on A. If £ is semiample, that is, |£®^| has no base 
points for some positive integer k, then £ is semipositive in the sense 
of Remark 2.19. 
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Enoki’s proof in [Eno] is arguably simpler than the proof of Theorem 

2.1 based on Hodge theory. It only uses the standard results in the 
theory of harmonic forms on compact Kahler manifolds. Let us see the 
ideas of Enoki’s proof of Theorem 2.18. 

Idea of Proof of Theorem 2.18. We put n = dimX. Let 
(resp. be the space of valued (resp. £®(^+'’’)-valued) 

harmonic (n, i)-forms on X. By using the Nakano identity and the 
semipositivity of £, we can easily check that s (8) v? is harmonic for 
every e C^’'). Therefore, 

xs : H\X,uJx 0 H\X,u:x 0 

is nothing but 0s : : (/? i-A s 099 , which 

is obviously injective. □ 

We note that Theorem 2.18 is better than Theorem 2.1 by Remark 
2.20. Unfortunately, I do not know how to generalize Enoki’s theorem 
appropriately for various geometric applications. Although I obtained 
some generalizations of Theorem 2.18 and their applications in [Fn4] 
and [Fn5], they are not so useful in the minimal model program com¬ 
pared with Theorem 2.12 and Theorem 2.13. Related to Theorem 2.15, 
we have: 

Conjecture 2.21. Let X be a compact Kahler manifold and let A be 
a simple normal crossing divisor on X. Let C be a semipositive line 
bundle on X and let s be a nonzero holomorphic section of on X 
for some positive integer k. Assume that (s = 0) contains no strata of 
A. Then the multiplication homomorphism 

xs : H\X, iux 0 Ox (A) 0 ^ H\X,ujx 0 Ov(A) 0 

induced by 0s, is injective for every positive integer I and every i. 

I do not know the precise relationship between the injectivity theo¬ 
rems of Kollar and Enoki. Thus I pose: 

Problem 2.22. Clarify the relationship between Kollar’s injectivity 
theorem (Theorem 2.1) and Enoki’s injectivity theorem (Theorem 2.18). 

For almost all geometric applications, we use Theorem 2.5 (ii) for 
i = 0. Theorem 2.5 (ii) for z = 0 is sufficient for Viehweg’s theory of 
weak positivity (see [Viel], [Vie2], and [Fnl4]). See also Subsection 

4.2 below. Note that Theorem 2.5 (ii) for z = 0 is a special case of 
Ohsawa’s vanishing theorem. 

Theorem 2.23 ([Ohl, Theorem 3.1]). Let X be a compact Kahler 
manifold, let f : X ^ Y be a holomorphic map to an analytic space Y 
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with a Kdhler form a, and let {E, h) be a holomorphic vector bundle on 
X with a smooth hermitian metric h. Assume that \/—lQh{E) ^Nak 
ldE<^f*o', that is, ^y—lQh{E) — ldE<S)f*cr is semipositive in the sense 
of Nakano, where Qh{E) is the curvature form of {E,h). Then 

W{Y,Mux^E)) = 0 

for every j > 0. 

For the proof of Theorem 2.23, see [Ohl], I am not so familiar with 
Theorem 2.23 and do not know if the formulation of Theorem 2.23 is 
natural or not. 

Remark 2.24. For the details of a and f*a in Theorem 2.23, see [Ohl, 
§3]. Note that Y is permitted to have singularities. 

By comparing Theorem 2.23 with Theorem 2.5 (ii), it is natural to 
consider: 

Conjecture 2.25. With the same assumptions as in Theorem 2.23, 
we have 

W{Y,RJ4ux®E)) = 0 

for every i and every positive integer j. 

We close this section with: 

Problem 2.26. Clarify the relationship between Kollar’s vanishing 
theorem (Theorem 2.5 (ii)) and Ohsawa’s vanishing theorem (Theorem 
2.23). 

For Enoki-type injectivity theorems, see, [Eno], [Take], [Oh2], [Fn4], 
[Fn5], [Mai], [Ma2], [Ma3], [Ma4], [Ma5], [CM], etc. 

Remark 2.27 (Added in September 2016). After I wrote this paper, 
there are some developments. In [Ma8], Shin-ichi Matsumura proved 
Conjecture 2.21 under the extra assumption that A is smooth (see 
[Ma8, Theorem 1.3 and Corollary 1.4]). He also proved Conjecture 
2.25 completely in [Ma6]. For the precise statement, see [Ma6, Theorem 
1.3]. In [FMa], he and I obtained a generalization of Enoki’s injectivity 
theorem, which can be seen as a generalization of Nedel’s vanishing 
theorem (see [FMa, Theorem A]). For some further developments, see 
[Fnl6] and [Ma7]. 

3. On local freeness and semipositivity theorems 
Let us start with Fujita’s semipositivity theorem in [Fujita]. 
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Theorem 3.1 ([Fujita, (0.6) Main Theorem]). Let f : M ^ C be a 
surjective morphism from a compact Kdhler manifold onto a smooth 
projective curve C with connected fibers. Then f^u^Mjc is nef. 

Before we go further, let us recall the dehnition of nef locally free 
sheaves. 

Definition 3.2 (Nef locally free sheaves). Let be a locally free sheaf 
of hnite rank on a complete algebraic variety V. Then £ is called nef if 

= 0 or is nef on Fv{£), that is, C>p^(£-)(1) • C > 0 for every 

curve C on '¥y{£). A nef locally free sheaf £ was originally called a 
(numerically) semipositive locally free sheaf in the literature. 

Remark 3.3. Assume that X is a smooth projective variety for sim¬ 
plicity. Let £ be a line bundle on X. Then C is nef in the sense of 
Dehnition 3.2 if and only if C is nef in the usual sense. If C is semi¬ 
positive in the sense of Remark 2.19, then C is nef. However, a nef line 
bundle C is not necessarily semipositive in the sense of Remark 2.19. 

Remark 3.4. Note that / is not necessarily smooth in Theorem 3.1. If 
/ is smooth in Theorem 3.1, then the nefness of f*ojM/c follows directly 
from Griffiths’s calculations of connections and curvatures in [Grij. 

Although Fujita’s theorem was inspired by Griffiths’s paper [Gri] (see 
Remark 3.4), Fujita’s original proof of Theorem 3.1 in [Fujita] is not 
so Hodge theoretic. In the introduction of [Fujita], Fujita wrote: 

The method looks rather elementary and purely compu¬ 
tational, but it depends deeply (often implicitly) on the 
theory of variation of Hodge structures. 

Professor Steven Zucker informed me that he read Fujita’s article 
[Fujita] when it appeared in 1978 and reproved Fujita’s theorem from 
rather basic Hodge theory that appeals to Steenbrink’s work [St]. It is 
clear that he had already been very familiar with Schmid’s result (see 
[Sc]) on asymptotic behavior of Hodge metrics (see [Zucl] and [Zuc2]). 
I think that he could write [Zuc3] without any difficulties. It seems 
that he is the hrst one who directly applies Hodge theory to obtain 
semipositivity results like Theorem 3.1, that is, semipositivity results 
for nonsmooth morphisms. 

Independently, Kawamata obtained the following semipositivity the¬ 
orem in [Kawl] by using Schmid’s paper [Sc]. His result is: 

Theorem 3.5 ([Kawl, Theorem 5]). Let f : X ^ Y be a surjec¬ 
tive morphism between smooth projective varieties with connected fibers 
which satisfies the following conditions: 
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(i) There is a Zariski open dense subset Yq of Y such that D = 
Y \Yq is a simple normal crossing divisor on Y. 

(ii) Put Xq = /“^(yo) o,nd fo = f\xo- Then /q is smooth. 

(iii) The local monodromies of R^fo^Cxo around D are unipotent, 
where n = dimX — dimy. 

Then f^ux/y is a locally free sheaf and nef 

However, the proof of Theorem 3.5 in [Kawl] seems to be insufficient 
when dimy > 2. We do not repeat the comments on the troubles in 
[Kawl] here. For the details, see the comments in [FFS, 4.6. Remarks]. 
Fortunately, we have some generalizations of Theorem 3.5 in [Fn2], 
[FF], and [FFS] (see, for example. Theorem 3.6 below). The proofs in 
[FF] and [FFS] are independent of Kawamata’s arguments in [Kawl]. 
Note that our arguments in [FF] and [FFS] need some results on Hodge 
theory obtained after the publication of Kawamata’s paper [Kawl] (see, 
for example, [CK], and [CKS]). Kawamata could and did use only 
[Del], [Gri], and [Sc] on Hodge theory when he wrote [Kawl]. Although 
I sometimes called Theorem 3.5 the Fujita-Kawamata semipositivity 
theorem (see, for example, [FF]), it is probably not accurate. It is 
more appropriate to call it the Fujita-Zucker-Kawamata semipositivity 
theorem. I apologize for suppressing Zucker’s contribution [Znc3]. 

Theorem 3.5 follows from the theory of polarizable variation of pure 
Hodge structure. It is natural to consider mixed generalizations of 
Theorem 3.5. We have already seen that mixed Hodge structures on 
cohomology with compact support are very useful (see Section 2). So, 
we consider their variations and prove some powerful generalizations 
of Theorem 3.5, which depend on the theory of gradedly polarizable 
admissible variation of mixed Hodge structure (see, for example, [SZ], 
and [Kas]). We have: 

Theorem 3.6 (Semipositivity theorem). Let {X,D) be a simple nor¬ 
mal crossing pair such that D is reduced and let f : X ^ Y be a projec¬ 
tive surjective morphism onto a smooth complete algebraic variety Y. 
Assume that every stratum of{X,D) is dominant onto Y. Let T be a 
simple normal crossing divisor on Y such that every stratum of {X, D) 
is smooth over Y* = y \ S. Then BPf^,uJx/Y{L)) is locally free for every 
p. We put X* = f-\Y*), D* = D\x^, and d = dimX - dimy. We 
further assume that all the local monodromies on R^~ff\x*\D*)\Qx*\D* 
around S are unipotent. Then we obtain that f^ux/riL)) is a nef lo¬ 
cally free sheaf on Y. 

For the dehnitions and the notation used in Theorem 3.6, see 6.6 and 
6.7 in Section 6. Theorem 3.6 was hrst obtained in [FF]. Then, we gave 
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an alternative proof of Theorem 3.6 based on Saito’s theory of mixed 
Hodge modules (see [Sal], [Sa2], and [Sa3]) in [FFSj. As an application 
of Theorem 3.6, we establish the projectivity of various moduli spaces 
(for the details, see [Fn6], [Fn8], [KvP], etc.). For a new approach, see 
[Fnl5]. In the introduction of [Fujita], Fujita wrote: 

Perhaps our result is closely related with the problem 
about the (quasi-)projectivity of moduli spaces. Of course, 
however, the relation will not be simple. 

Now we know that generalizations of Fujita’s semipositivity theorem 
(see Theorem 3.1 and Theorem 3.6) with Viehweg’s covering arguments 
(see [Viel] and [Vie2]) are useful for the projectivity of coarse mod¬ 
uli spaces of stable (log-)varieties (see, for example, [Ko2], [Fn8], and 
|KvP]). 

Anyway, by Theorem 3.5, we have: 

Theorem 3.7 (Fujita, Zucker, Kawamata, • • •)• / • ^ T be a 

surjective morphism between smooth projective varieties with connected 
fibers. Then there exists a generically finite morphism t : Y' ^ Y from 
a smooth projective variety Y' with the following property. Let X' he 
any resolution of the main component of X XyY'. Then f'jwx'jy is a 
nef locally free sheaf, where f is the composite X' ^ X Xy Y' ^ Y'. 

Theorem 3.7 has already played crucial roles in the study of higher¬ 
dimensional algebraic varieties. For some geometric applications, we 
have to treat f*(jJ^y or fi(.^x^/yi with m >2 (see Section 4). Thus we 
have: 


Conjecture 3.8 (Semipositivity of direct images of relative pluri- 
canonical bundles). Let f \ X ^Y be a surjective morphism between 
smooth projective varieties with connected fibers. Then there exists a 
generically finite morphism t : Y' ^ Y from a smooth projective vari¬ 
ety Y' with the following property. Let X' he any resolution of the main 
component of X XyY' sitting in the following commutative diagram: 


X' - 


/' 


/ 


Y' — 

r 


Then is a nef locally free sheaf for every positive integer m. 

Note that the local freeness of f[<J^iyi for m > 2 in Conjecture 3.8 
is highly nontrivial even when /' is a smooth projective morphism. The 
following theorem by Sin (see [Siu2]) is nontrivial for m > 2 and can 
be proved only by using L^ methods. For a simpler proof, see [Pal]. 
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Theorem 3.9 (Siu). Let f : X be a smooth projective morphism 
between smooth quasiprojective varieties with connected fibers. Then 
locally free for every nonnegative integer m. 

Theorem 3.9 is a clever application of the Ohsawa-Takegoshi 
extension theorem. We have no Hodge theoretic proofs of Theorem 
3.9. Therefore, we ask: 

Problem 3.10. Find a Hodge theoretic proof or an algebraic proof of 
Theorem 3.9. 

We note: 

Remark 3.11. If Y is projective in Theorem 3.9, then f*uJxjY 
every positive integer m by Theorem 3.17 below. Therefore, Conjectnre 
3.8 holds trne when f : X ^ Y is smooth. 

We recommend the reader to see [FF] and [FFS] for the Hodge the¬ 
oretic aspect of semipositivity theorems discussed in this section. Note 
that the style of [FF] is the same as my other papers, whereas, [FFS] 
is written in the language of Saito’s theory of mixed Hodge modules. 

3.1. New semipositivity theorems using MMP. In this subsec¬ 
tion, we discuss new semipositivity theorems obtained through the use 
of the minimal model program, following [Fnl2] and [Fnl3]. 

Let us start with the dehnition of (good) minimal models. We rec¬ 
ommend the reader to see 6.2 and 6.5 in Section 6 if he is not familiar 
with the minimal model program. 

Definition 3.12 (Good minimal models). Let / : X —)■ H be a projec¬ 
tive morphism between normal quasiprojective varieties. Let A be an 
effective Q-divisor on X such that {X, A) is kawamata log terminal. A 
pair {X', A') sitting in a diagram 



is called a minimal model of {X, A) over Y if 

(i) X' is Q-factorial, 

(ii) /' is projective, 

(iii) 0 is birational and 0“^ has no exceptional divisors, 

(iv) 0*A = A', 

(v) Kx' + A' is /'-nef, and 
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(vi) a{E,X,A) < a{E, X', A') for every 0-exceptional divisor E 
contained in X. 

Fnrthermore, if Kx' + A' is /'-semiample, then {X', A') is called a 
good minimal model of {X, A) over Y. When y is a point, we nsnally 
omit “over Y” in the above dehnitions; we sometimes simply say that 
{X\ A') is a relative (good) minimal model of {X, A). 

We also need the notion of weakly semistable morphisms introdnced 
by Abramovich-Karu (see [AK]). 

Definition 3.13 (Weakly semistable morphisms). Let f : X ^ Y 
be a projective snrjective morphism between qnasiprojective varieties. 
Then f : X ^ Y is called weakly semistable if 

(i) the varieties X and Y admit toroidal strnctures {Ux C X) and 
{Uy C Y) with Ux = f-\UY), 

(ii) with this strnctnre, the morphism / is toroidal, 

(hi) the morphism / is eqnidimensional, 

(iv) all the hbers of the morphism / are rednced, and 

(v) Y is smooth. 

It then follows that X has only rational Gorenstein singularities (see 
[AK, Lemma 6.1]). Both {Ux C X) and (f/y C Y) are toroidal embed¬ 
dings without self-intersection in the sense of [KKMS, Chapter II, §1]. 
For the details, see [AK]. 

We propose the following conjecture. 

Conjecture 3.14. Let f : X ^ Y be a weakly semistable morphism 
with connected fibers. Then is loeally free for every m>l. 

By the argument in [Fnl2, Section 4] (see also [Fnl3]), we have: 

Theorem 3.15 (Local freeness). Let f : X ^ Y be a weakly semistable 
morphism with connected fibers. Assume that the geometric generic 
fiber Xjj of f \ X ^ Y has a good minimal model. Then f*0J^Y 
locally free for every m > 1. 

Sketch of Proof of Theorem 3.15. Let us consider the following com¬ 
mutative diagram: 

y 

where / : A —)■ y is a relative good minimal model of / : A —)■ y. We 
can always construct a relative good minimal model by the assumption 
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that the geometric generic hber of / has a good minimal model. Then 
we have 

(O) f.L0^y~J.O^{,nK^,y) 

for every positive integer m. We note that X has only rational Goren- 
stein singularities. 

The following lemma due to Nakayama is a variant of Kollar’s torsion- 
freeness: Theorem 2.5 (i). It is a key ingredient of the proof of Theorem 
3.15. 

Lemma 3.16 ([Nak, Corollary 3]). Let g : V ^ C be a projective sur¬ 
jective morphism from a normal quasiprojective variety V to a smooth 
quasiprojective curve C. Assume that V has only canonical singulari¬ 
ties and that Ky is g-semiample. Then Bhg^OvifnKv) 'Is locally free 
for every i and every positive integer m. 

By the above isomorphism (G), it is sufficient to prove the local 
freeness of f^O^imK^iy)- Let P be an arbitrary closed point of Y. 
Since f : X ^ Y is weakly semistable, we can prove that the diagram 



behaves well under the base change hy C Y, where C* is a general 
smooth curve on Y passing through P. Roughly speaking, by this ob¬ 
servation, we can reduce the problem to the case when R is a smooth 
projective curve. Note that / and / are both flat. By Lemma 3.16, we 
see that dimH^{Xy, Oj^{mKj^^Y)\xy) independent oi y eY. There¬ 
fore, f^Oy-{mK^iy) is locally free by the flat base change theorem. 
Thus, we obtain that f*^^Y is locally free. For the details, see [Fnl2, 
Section 4] and [Fnl3]. □ 

By the argument in [Fnl2, Section 5], we can prove: 

Theorem 3.17 (Semipositivity). Let f : X ^ Y be a weakly semistable 
morphism between projective varieties with connected fibers. Let m > 1 
be fixed. Assume that f*0J^Y locally free. Then f*0J^Y 

Idea of Proof of Theorem 3.1 7. The following theorem by Popa-Schnell 
is a clever and interesting application of the Kollar vanishing theo¬ 
rem: Theorem 2.5 (ii). 
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Theorem 3.18 ([PoSc, Theorem 1.4]). Let f : V ^ W be a surjective 
morphism from a smooth projective variety V onto a projective variety 
W with dimW = n. Let C be an ample line bundle on W such that 
|£| has no base points. Let k be a positive integer. Then 

f,ujf ® 

is generated by global sections for every I > k{n + 1). 

By Viehweg’s fiber product trick and the local freeness of 
we can prove that there exists an ample line bundle A onY such that 

is generated by global sections for every positive integer s by Theorem 
3.18. Here, we used the fact that weakly semistable morphisms behave 
well by taking fiber products. This implies that 

details, see [Fnl2, Section 5]. □ 

As we saw above, a key ingredient of Theorem 3.15 (resp. Theorem 
3.17) is Kollar’s torsion-freeness (resp. Kollar’s vanishing theorem). Of 
course, the existence of relative good minimal models plays a crucial 
role in the proof of Theorem 3.15. 

Remark 3.19. In the proof of Theorem 3.15, we need the finite gen¬ 
eration of relative canonical ring 

CX) 

RiX/Y) = ^f,OximKx) 

m 

from [BCHAI] to construct a relative good minimal model of / : X —)■ 
Y. Note that the finite generation of R{X/Y) is more or less Hodge 
theoretic when X^j is not of general type. This is because the reduction 
argument due to Fujino-Mori (see Theorem 5.4 below and [FMo]) uses 
Theorem 3.5. 

Remark 3.20. Let H be a smooth projective variety. It is well-known 
that V has a good minimal model when dimH — k{V) < 3. 

By combining Theorem 3.15 with Theorem 3.17, we obtain: 

Theorem 3.21. Let f : X ^ Y be a surjective morphism between 
smooth projective varieties with connected fibers. Assume that 

/ : X A Xt A T 

such that /I : X^ Y is weakly semistable and that 6 is a resolution 
of singularities. We further assume that the geometric generic fiber Xjj 
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of f has a good minimal model. Then J^oJx'Jy ® nef locally free sheaf 
for every positive integer m. 


By the weak semistable reduction theorem due to Abramovich-Karu 
(see [AK]) and Theorem 3.21, we have: 


Theorem 3.22. Let f : X ^ Y be a surjective morphism between 
smooth projective varieties with connected fibers. Assume that the geo¬ 
metric generic fiber Xrj of f : X ^ Y has a good minimal model. 
Then there exists a generically finite morphism t : Y' ^ Y from a 
smooth projective variety Y' with the following property. Let X' be any 
resolution of the main component of X Xy Y' sitting in the following 
commutative diagram: 


X' - 


/' 


/ 


Y' - ^Y. 

T 


Then fl^^jyi is a nef locally free sheaf for every positive integer m. 

This means that Conjecture 3.8 holds true under the assumption 
that the geometric generic hber of / has a good minimal model. More 
precisely, Conjecture 3.8 follows from Conjecture 3.14 by the weak 
semistable reduction theorem due to Abramovich-Karu (see [AK]) and 
Theorem 3.17. Moreover, Conjecture 3.14 holds under the assump¬ 
tion that the geometric generic hber has a good minimal model (see 
Theorem 3.15). 

We close this section with Takayama’s result. Using complex analytic 
methods, Takayama in [Taka] strengthened Theorem 3.21 as follows. 

Theorem 3.23 (Takayama). In Theorem 3.21, for every positive in¬ 
teger m, the m-th Narasimhan-Simha Hermitian metric g^ on the lo¬ 
cally free sheaf Sm = Griffiths semipositive curvature, the 

induced singular Hermitian metric h = on C’px(£m)(l) ofFx{£m) 
has semipositive curvature, and the Lelong number of the local weight 
ip is zero everywhere on Fx{£m)- In particular, is nef. 

For the dehnition of the Narasimhan-Simha Hermitian metric and 
the details of Theorem 3.23, see the original paper [Taka]. We point 
out that Theorem 3.23 is based on the arguments in [Fnl2] and [Fnl3]. 

I am not so familiar with the analytic aspect of semipositivity the¬ 
orems. For the details, see [Ber], [BPl], [BP2], [Mon], [MTl], [MT2], 
[MT3], [PaT], [Taka], etc. 
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4. Canonical divisors versus pluricanonical divisors 

In this section, let us see that mKx with m>2 sometimes behaves 
much better than Kx- We will discuss two different topics: Kollar’s 
result on plurigenera in etale covers of smooth projective varieties of 
general type and Viehweg’s ampleness theorem on direct images of rela¬ 
tive pluricanonical bundles of semistable families of projective varieties. 
I was very much impressed by these results. 

4.1. Plurigenera in etale covers. Let us recall Kollar’s famous re¬ 
sult on plurigenera in etale covers of smooth projective varieties of 
general type (see [Ko3]). For the details and some related topics, see 
also [Ko5, 2. Vanishing Theorems] and [Ko4, Chapter 15]. 

Theorem 4.1 (Kollar). Let X he a smooth projective variety of general 
type. Let f ■. Y ^ X be an etale morphism from a smooth projective 
variety Y. Then we have 

h\Y,OY{mKY)) = deg / • h\X,Ox{mKx)) 

for every positive integer m >2. 

Here, we will present Lazarsfeld’s proof of Theorem 4.1 following 
[Laz, Theorem 11.2.23]. It is actually an easy application of the theory 
of asymptotic multiplier ideal sheaves. We will give an alternative proof 
of Theorem 4.1 after we discuss canonical models of smooth projective 
varieties of general type in Theorem 4.5. 

Proof. Let H be a big Cartier divisor on X. Then J7’(X, ||/1||) denotes 
the asymptotic multiplier ideal sheaf associated to the complete lin¬ 
ear systems \mD\ for all m ^ 0. For the details of fT{X, ||/1||), see 
[Laz, Chapter 11]. By the Nadel vanishing theorem (see [Laz, Theo¬ 
rem 11.2.12 (ii)]), 

H\X, OximKx) (8) J{X, \\{m - l)Kx\\)) = 0 
for every i > 0 and every m >2. Therefore, we have 
h\X, OximKx) ® JiX, ||(m - l)Kx\\)) 

= xiX, OximKx) C JiX, ||(m - l)JFx||)) 

for every m>2. Since JiX, ||miFx||) C JiX, ||(m — l)Kx\\) (see [Laz, 
Theorem 11.1.8 (h)]), we have 

H\X, OximKx) ® JiX, \\mKx\\)) 

= H\X, OximKx) C JiX, ||(m - l)Kx\\)) 

= H\X, OximKx)) 
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for every m > 1 by [Laz, Proposition 11.2.10]. Thus, we obtain 
h\X, OximKx)) = x{X, OximKx) ® J{X, \\{m - l)Kx\\)) 
for every m >2. Similarly, we have 

h^{Y, OYimKr)) = x(F, OYimKy) 0 J{Y, \\{m - 1 )Ky\\)) 
for m >2. Since / is etale, iPy = f*Kx and 

J{Y, ||(m - l)JPy||) = rj{X, ||(m - l)Kx\\) 
by [Laz, Theorem 11.2.16]. Thus we have 

X{Y, OY{mKY) 0 J{Y, ||(m - l)iLy ||)) 

= x(F, r (OximKx) 0 JiX, ||(m - l)iPx||))) 

= deg / • x(X, OximKx) 0 JiX, ||(m - l)Kx\\)) 

for m > 2. Therefore, we obtain the desired equality h^iY, OximKY)) = 
deg / ■ OximKx)) for every m> 2. □ 

The proof of Theorem 4.1 says that mKx with m > 2 should be 
seen as Kx + (m — l)Kx- Since m > 2, (m — l)Kx is big. Therefore, 
we can apply the Nadel vanishing theorem to 

OximKx) ^JiX, \\im-l)Kx\\) 

= OxiKx + (m - l)Kx) 0 JiX, ||(m - l)Kx\\). 

Obviously, the equality in Theorem 4.1 does not hold for m = 1. 

Example 4.2. Let O be a smooth projective curve with the genus 
giC) > 2. Let / : O ^ O be an etale cover with deg / = n>2. Then 
we have 

2giC)-2 = ni2giC)-2) 

by Hurwitz’s formula. This implies that giC) = nigiC) — 1) + 1. Thus 
we have 

h°(C, OgiKg)) ^ n ■ h°{C, Oo{Ko)). 

The following example also shows that mKx with m >2 sometimes 
contains much more information than Kx- 

Example 4.3 (Godeaux surface). We put 

Y = (Zl + + Zl + Zl = 0) C P/ 

Then E is a smooth projective surface such that 

OxiKx) = C>p3(—4 + 5)|y = C>y(l) 

is very ample. Therefore, Y is of general type, 

h°(y, OxiKx)) = h°(p3, Op3(l)) = 4, 
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and q{Y) = h^{Y, Oy) = 0. We put G = Z/5Z. Then G acts freely on 
Y by 

[Zo :Z,:Z 2 : Z 3 ] ^ [Zq : C^i : C'^2 : C'^s] 

where ( = exp jy ^ V/G. Then X is a smooth 

projective surface with ample canonical divisor. Let f : V —?■ X be the 
natural map. Then / is a finite etale morphism. We can directly check 
that h^(X,Ojc(Kj,)) = 0 by H%X,Ox{Kx)) = H%Y,OY{KY)f. 
Note that q{X) = h^{X^Ox) = 0, Ky = 5, and Kx = 1- We also 
note that X is known as a Godeaux surface. It is well-known that the 
linear system \mKx\ gives an embedding into a projective space for 
every m > 5. Note that 

4 = h\Y, Oy{Ky)) ^ deg / • h\X, Ox{Kx)) = 0. 

4.4 (Canonical models). Let us discuss canonical models of finite etale 
covers of smooth projective varieties of general type. The existence of 
canonical models was unkonwn when [Ko3] was written. Let tt : 1/ —)■ 
W be a projective surjective morphism from a smooth quasiprojective 
variety V onto a quasiproject ive variety W. Assume that Ky is 7r-big. 
Then, by [BCHM], the (relative) canonical ring 

00 

R(V/W) = 07r,C>y(mXy) 

m=0 

is a hnitely generated C>vv-algebra. We put 

W = Vio]^R{V/W) 

and call it the canonical model of V over W or the relative canonical 
model of TT : X —?■ W. It is well-known that Vj, is birationally equivalent 
to V over W, Vc has only canonical singularities, and Ky^ is ample over 

W. 

A hnite etale morphism between smooth projective varieties of gen¬ 
eral type induces a natural hnite etale morphism between their canon¬ 
ical models: 

Theorem 4.5. Let f : Y X be a finite etale morphism between 
smooth projective varieties of general type. Let X^ he the canonical 
model of X and let Y^ he the canonical model ofY. Then there exists 
a finite etale morphism fc'-Zc^ such that 

X - - - W 

--^x 


/ 

X 


fc 
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is commutative. 


The following proof was suggested by Yoshinori Gongyo. 

Proof. By taking an elimination of indeterminacy of X ---> Xc and the 
base change of Y, we may assume that g : X ^ Xc is a. morphism. 
Let Y' —)■ Xc be the relative canonical model of g o f : Y Xc 
(see [BCHM] and 4.4). Then, by using the negativity lemma (see, for 
example, [KoYl, Lemma 3.39]), we see that Ky = f'*Kx^ and that 
f':Y'^ Xc is hnite since Ky is /'-ample. Therefore, Ky is ample 
since Kx^ is ample. This implies that Y' = Yc, that is, Y' is the 
canonical model of Y. Note that Y is smooth and is hnite over X. 
Therefore, Y is the normalization of the main component of X Yc. 
Thus we obtain the following commutative diagram: 

r--Y, 

/ ^ /c 

X-^Xc. 

g ^ 

By Lemma 4.8 below, we obtain that fc is a hnite etale morphism. □ 


By the proof of Theorem 4.5, we have: 

Theorem 4.6. Let f '. Y X be a finite etale morphism between 
smooth projective varieties. Let X^ be a minimal model of X. Then 
we can construct a commutative diagram: 


Y- ^ -Y 


X---X„ 


such that f : Y ^ Xm is a finite etale morphism and that ip is bira- 
tional. 

For the dehnition of minimal models, recall Dehnition 3.12. 

Proof. As in the proof of Theorem 4.5, we may assume that g : X ^ 
Xm is a morphism. Let f : Y ^ X^ be the relative canonical model 
of g o f : Y —)■ Xm- Then, by the proof of Theorem 4.5, (p : Y ---> Y 
and f : Y ^ X^ satisfy the desired properties. □ 

Related to Theorem 4.5 and Theorem 4.6, we have: 
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Problem 4.7. Find a projective variety X such that X has only Q- 
factorial terminal (or canonical) singularities with nef (or ample) canon¬ 
ical divisor and a hnite etale morphism f ■. Y ^ X such that Y is not 
Q-factorial. 


The following lemma is a special case of [NZ, Lemma 3.9]. 


Lemma 4.8. We consider the following commutative diagram of quasipro- 
jective varieties: 



such that 

(i) X and Y are smooth, 

(ii) p and q are projective birational morphisms, 

(hi) V and W are normal and have only rational singularities, 

(iv) f is a finite etale morphism, and 

(v) h is finite. 

Then h is an etale morphism. 


We give a proof for the reader’s convenience. It is interesting for 
me that the proof of Lemma 4.8 below uses the i?i-degeneration of 
Hodge to de Rham type spectral sequences for projective simple normal 
crossing varieties. 


Proof. We take an arbitrary point P E V. By taking a birational 
modihcation of X and the base change of Y, we may assume that 
E = Supp(p“^(P)) is a simple normal crossing divisor on X. Since 
/ is etale, f~^{E) is a simple normal crossing divisor on Y. Note 
that f~^{E) is the disjoint union of Eq = Supp(g“^(Q)) for points 
Q G h~^{P). Since V has only rational singularities, R^p^Ox = 0 for 
every i > 0. 

Claim. The natural map 

TT : H\E,C) -E H\E,Oe) 

induced by the inclusion Ce ^ Oe is surjective for every i. 

Proof of Claim. By using the Mayer-Vietoris simplicial resolution of 
a projective simple normal crossing variety E, we can construct a co- 
homological mixed Hodge complex {Kq,Wq), {Kc,W, E)) which 
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induces a natural mixed Hodge structure on H*{E^7j). By the theory 
of mixed Hodge structures, we see that 

Gr^i^c) ^ C) 

degenerates at Ei. We can directly check that Gr^i^^c is quasi-isomorphic 
to Oe by using the Mayer-Vietoris simplicial resolution of E. Thus, 
we obtain that 

TT : H\E,C) H\E,Oe) 

is surjective for every i. □ 

By the following commutative diagram: 

{RipXx)p^^H\E,C) 

TT 

{R^p.Ox)p - ^H%E,Oe), 

we obtain that H\E, Oe) = 0 for every i > 0, as Rp^^Ox = 0 for every 
i > 0. Thus, we obtain x(-E, Oe) = 1- By the same argument, we have 
x{Eq, Oeq) = 1- On the other hand, 

x{f~\E),Of-i^E)) = deg / • x{E, Oe) = deg/ 
since / is etale. Therefore, we have 

th-\P)= Y. x(Bo.OEo) = ,\(/-'T),0/-.(E))=d<!g/. 

Qeh-^iP) 

This implies that / : Eq —)■ i? is an isomorphism for every Q G h~^{P). 
Thus, by the theorem on formal functions, we have 

E>v,p = {p*Ox)p — {(1 *C>y)q = Ow,Q 

for every Q G h~^{P). Thus, h is an etale morphism. □ 

We give an alternative proof of Theorem 4.1, one that is natural from 
the minimal model theoretic viewpoint. Unfortunately, it may be more 
complicated than Lazarsfeld’s proof given before. 

Proof of Theorem f.l. By Theorem 4.5, we may replace f : Y ^ X 
with fc-Yc^ Xc- Note that 

h%X,, OxAmKxJ) = h%X, Ox{mKx)) 


and 


h^{Y,,OY^imKyJ) = h%Y,OY{mKY)) 
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for every m > 1. By the Kawamata-Viehweg vanishing theorem for 
singular varieties (see, for example, [Full, Corollary 5.7.7]), we have 

H\X,, Ox^mKxJ) = H\Y,, OYArnKyJ) = 0 

for every i > 0 and every m >2. We also note that f*Ox^{mKxJ = 
OyX'^KyJ for every m since fc is etale. Therefore, we obtain 

hO(W, OY^imKYj) = x{Yc, OY^rnKYj) 

= deg/c -xiXc, OxA^KxJ) 

= deg/c • h°(Xc, Ox,{mKxJ) 

for every m > 2. This implies the desired equality. □ 

Remark 4.9. In Lemma 4.8, the assumption that V and W have only 
rational singularities (see (iii) in Lemma 4.8) is indispensable. 

Consider the following example. Let C C be an elliptic curve and 
let 1/ C P^ be a cone over C C P^. Let p : X ^ V he the blow-up at 
the vertex P oi V and let E be the p-exceptional divisor on X. Note 
that there is a natural P^-bundle structure tt : X ^ C and is a 
section of vr. We take a nontrivial hnite etale cover D ^ C. We put 
Y = X Xc D and F = E Xq D. Let H be an ample Cartier divisor on 
V. We consider q = ^\mf*p*H\ '■ Y ^ IT for a sufficiently large positive 
integer m. Note that q contracts F to an isolated normal singular point 
Q of W. Then we have the following commutative diagram 



such that / is etale, h is hnite, but h is not etale. Note that h~^{P) = Q 
since f~^{E) = F. It is also false that the singularities of V and W 
are rational. 


4.2. Viehweg’s ampleness theorem. We treat direct images of rela¬ 
tive pluricanonical bundles. The following theorem is buried in Viehweg’s 
papers (see [Viel] and [Vie2]). The statement seems to be magical. 

Theorem 4.10 (Viehweg). Let f \ X ^ Y be a surjective morphism 
from a smooth projective variety X onto a smooth projective curve Y 
with connected fibers. Then is nef for every positive integer m. 

In particular, we have deg det> 0 for every positive integer m. 
Assume that f is semistable, //degdet fiu^’jy > 0, that is, det 
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is ample, for some positive integer k, then is ample, where k' 

is any multiple of k with k' >2. 

Proof. From Kawamata (see [Kaw2, Theorem 1]), we have that f*(-OxjY 
is nef for every m > 1. Or, by Viehweg’s weak positivity: [Viel, The¬ 
orem III] (see also [Fnl4, Theorem 4.3 and Theorem 5.5] and Remark 
4.14 below), f*0J^Y weakly positive for every m > 1. Since Y is 
a smooth projective curve, the weak positivity implies that is 

nef for every m > 1. By [Vie2, Theorem 3.5] (see also [Fnl4, Theorem 
5.11]), deg det > 0 implies that f^uj^jy is big in the sense of 

Viehweg (see [Fnl4, Dehnition 3.1]) when / is semistable. Then, by 
[Vie2, Lemma 3.6] (see also [Fnl4, Lemma 3.7]), there is a generically 
isomorphic injection 

r 

for some ample invertible sheaf ^ on F and some positive integer z/, 
where r = rank This implies that S'^(f^u^’j'y) is ample by 

[Laz, Theorem 6.4.15]. Therefore, f^ujy’jy is ample by [Har, Proposition 
(2.4)]. □ 

Roughly speaking. Theorem 4.10 says if f^ux/y is a little bit posi¬ 
tive then f^uf^y is very positive for m > 2. Viehweg’s arguments in 
[Viel] and [Vie2] (see also [Fnl4]) use his clever covering trick and hber 
product trick. They are geometric. It seems to be very important to 
hnd a more direct approach to Theorem 4.10. Thus, we have: 

Problem 4.11. Find an analytic (and more direct) proof of Theorem 
4.10. 

The example by Catanese-Dettweller (see [GDI], [CD2], and [CD3]) 
below says that the condition /c' > 2 in Theorem 4.10 is indispensable. 

Example 4.12 (Catanese-Dettweller). There exist a smooth projec¬ 
tive surface X of general type and a smooth projective curve Y such 
that f : X ^ Y is semistable and that f^ojx/y = A® Q, where A is an 
ample vector bundle of rank 2 and Q is a unitary flat vector bundle of 
rank 4. Moreover, Q is not semiample. In this case, deg det f^^tox/y > 0. 
By Theorem 4.10, f^uJ^y is ample for every m >2. However, f^^ux/y 
is not ample. 

Note that the construction of Example 4.12 in [CD2] depends on 
the theory of variation of Hodge structure. For the details, see [GDI], 
[CD2], and [CD3]. 
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Problem 4.13. Find similar examples to Example 4.12 that do not 
use the theory of variation of Hodge structure. 

Although we do not discuss Viehweg’s weak positivity in this paper, 
we give a remark on the weak positivity of for the interested 

reader: 

Remark 4.14. Let / : X —)■ H be a surjective morphism between 
smooth projective varieties with connected hbers. Then is 

weakly positive for every positive integer m by Viehweg (see [Viel]). 
Viehweg’s original proof of his weak positivity uses Theorem 3.5. Given 
what we know now, we can prove the weak positivity of f*0JxjY 
Hollar’s vanishing theorem: Theorem 2.5 (ii). Moreover, Theorem 3.18 
drastically simplihes the proof of Viehweg’s weak positivity of 
For the details, see [Fnl4]. 

Anyway, we should consider not only Kx but also mKx with m > 2 
in order to understand complex projective varieties much better. 

5. On finite generation of (log) ganonigal rings 

In this section, we quickly discuss the hnite generation of (log) canon¬ 
ical rings due to Birkar-Cascini-Hacon-M^Kernan (see [BCHM]) and 
some related topics (see [FMo] and [FnlO]). For simplicity, we only 
treat the absolute setting in this section. However, the relative setting 
is very important and is indispensable for some applications (cf. Re¬ 
mark 3.19). 

Theorem 5.1. Let X be a smooth projective variety and let A be an 
effective Q-divisor on X such that SuppA is a simple normal crossing 
divisor and that the coefficients of A are less than one. Assume that 
Kx -|- A zs big. Then the log canonical ring 

OQ 

R{X, Xx + A) = 0 R0(X, Ox{[m{Kx + A)J)) 

m=0 

is a finitely generated C-algebra. 

Theorem 5.1 was hrst obtained in [BCHM]. For the proof of Theorem 
5.1, see also [CL] and [Pa2]. We know that the proof of Theorem 5.1 was 
greatly influenced by Sin’s extension argument (see [Siul]) based on the 
Ohsawa-Takegoshi extension theorem (see [HAI], [CL], and [Pa2]) 
although [HM] and [CL] only use the Kawamata-Viehweg vanishing 
theorem and do not use methods. I feel that Theorem 5.1 is not 
Hodge theoretic. It is natural to see that Theorem 5.1 is more closely 
related to methods than to Hodge theory. 
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By combining Theorem 5.1 with the result in [FMo], we have: 

Theorem 5.2. Let X be a smooth projective variety and let A be an 
effective Q-divisor on X such that SuppA is a simple normal crossing 
divisor and that the coefficients of A are less than one. Then the log 
canonical ring 

OO 

R{X, Kx + A) = ^ H\X, Ox{[m{Kx + A)J)) 

m=0 

is a finitely generated C-algebra. 

Note that we do not assume that Kx + A is big in Theorem 5.2. As 
a corollary of Theorem 5.2, we get when A = 0: 

Corollary 5.3. Let X be a smooth projective variety. Then the canon¬ 
ical ring 

OO 

R{X) = QH\X,Ox{mKx)) 

m=0 

is a finitely generated C-algebra. 

We note that the formulation of Theorem 5.1, which may look artih- 
cial, is indispensable for the proof of Corollary 5.3. We will see how to 
reduce Theorem 5.2 to Theorem 5.1. I think that this reduction step 
is more or less Hodge theoretic. I do not know how to prove Corollary 
5.3 without using this reduction argument based on the Fujino-Mori 
canonical bundle formula (see [FMo]). We can prove the following the¬ 
orem from [FMo]. 

Theorem 5.4 (Fujino-Mori). Let X be a smooth projective variety, let 
A be an effective Q-divisor on X such that SuppA is a simple normal 
crossing divisor with [AJ = 0. Let f : X ^ Y be a surjective morphism 
between smooth projective varieties with connected fibers. Assume that 
K,{Xji,Kxjj- + A|x^) = 0 where Xjj is the geometric generic fiber of 
f : X Y. Then we can construct a commutative diagram: 


X 


Y 


X' 


/' 


Y' 


with the following properties. 

(i) p and q are projective birational morphisms. 

(ii) X' and Y' are smooth projective varieties. 
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(iii) There exists an effective Q-divisor A' on X' such that SuppA' 
is a simple normal crossing divisor on X' with |_A'J = 0 and 
that 

H^{X, Ox{[m{Kx + A)J)) ~ H^{X', Oxi[m{Kx' + A')J)) 
for every positive integer m. 

(iv) There exist a positive integer k, a nef Q-divisor M on Y', and 
an effective Q-divisor D on Y' such that Suppi^ is a simple 
normal crossing divisor with [D\ = 0 and that 

H%X',Ox'{[mk{Kx' + A')\)) 

~ H°{Y',OY'{[mk{KY' + M + D)\)) 

for every positive integer m. 

We do not give a proof of Theorem 5.4 here. For the details, see 
[FMo, Theorem 4.5]. 

Remark 5.5. Theorem 5.4 is an application of the Fujino-Mori canon¬ 
ical bundle formula discussed in [FMoj. The Q-divisor M is called the 
semistable part in [FMo] and now is usually called the moduli part in 
the literature. Note that the nefness of M comes from Theorem 3.5. 
Therefore, Theorem 5.4 is more or less Hodge theoretic. 

Using Kodaira’s lemma and Hironaka’s resolution theorem, we can 
prove: 

Proposition 5.6. If Ky' + M + D is big in Theorem 5.4, then there 
exist a birational morphism r : Z ^ Y' from a smooth projective variety 
Z, an effective Q-divisor Az on Z, and positive integers a and b such 
that SuppA^ is a simple normal crossing divisor with [Az\ = 0 and 
that 

H\Y40Y'{[ma{KY' + M + D)\)) 
c^H^iZ, OzilmbiKz + Az)\)) 
for every positive integer m. 

Proof. This is an easy consequence of Kodaira’s lemma on big Q- 
divisors and Hironaka’s resolution of singularities. We note that we 
can choose Az with [A^J = 0 since M is nef and [DJ = 0. More 
precisely, by Kodaira’s lemma, we have Ky' -\-M + D A + E, where 
A is an ample Q-divisor and E is an effective Q-divisor. Thus we have 
(1 -|- e) (iFy/ + M + D) ~Q Ky' + (M -f- eA) + D + eE for every positive 
rational number £. If £ is sufficiently small, then (K', D + eE) is kawa- 
mata log terminal. Since M -|- eA is ample, we can take an effective 
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Q-divisor B such that B M + eA and that (y', Ay) is still kawa- 
mata log terminal, where Ay/ = B + D + eE. Therefore, we can hnd 
positive integers a and b such that a^Ky' + M + D) ~ h^Kyi + Ay/). 
By Hironaka’s resolution theorem, we can take r \ Z ^ Y' and Az 
such that SuppA^ is a simple normal crossing divisor with [A^J = 0 
and that H\Z, Oz{\rn{Kz + Az)\)) - H\Y',Oy{[m{Ky + Ay,)\)) 
for every positive integer m. Thus we have the desired properties. □ 

Let us see how to prove Theorem 5.2 by using Theorem 5.1, Theorem 
5.4, and Proposition 5.6. 

Proof of Theorem 5.2. Let X and A be as in Theorem 5.2. Assume 
that k{X, Kx + A) > 0 and that Kx + A is not big. We consider 
the litaka hbration ‘h|m(A'x+A)| : X Y for some large and divisible 
positive integer m. By taking a suitable birational modihcation, we 
may assume that f : X ^ Y is a surjective morphism between smooth 
projective varieties with connected hbers. Then we apply Theorem 5.4 
and Proposition 5.6 to / : A —)■ Y. Thus, we see that R{X, Kx + A) is 
a hnitely generated C-algebra if and only if R{Z, Kz + Az) is a hnitely 
generated C-algebra. By Theorem 5.1, we know that R{Z, Kz + Az) is 
a hnitely generated C-algebra. Therefore, we obtain Theorem 5.2. □ 

As I explained in Remark 5.5, Theorem 5.4 is more or less Hodge 
theoretic. So, we pose: 

Problem 5.7. Prove Corollary 5.3 without using Hodge theory. 

Remark 5.8. Theorem 3.5 holds true under the assumption that X is 
only a compact Kahler manifold. This is because we can use the theory 
of variation of Hodge structure even for compact Kahler manifolds. 
Therefore, Theorem 5.4 holds true under the assumption that A is a 
compact complex manifold in Fujiki’s class C. As a consequence, we 
see that Theorem 5.2 holds for compact complex manifolds in Fujiki’s 
class C. For the details, see [FnlO, Section 5]. As a special case, we 
have the corollary below. 

Corollary 5.9. Let X be a compact Kahler manifold. Then the canon¬ 
ical ring 

OO 

R{X) = ^H°(X,uf') 

m=0 

is a finitely generated C-algebra. 

Remark 5.10. There exists a compact complex non-Kahler manifold 
whose canonical ring is not a hnitely generated C-algebra (see [FnlO, 
Example 6.4], which is essentially due to Wilson [Wil]). This means 


32 


OSAMU FUJINO 


that Corollary 5.9 does not hold for compact complex non-Kahler man¬ 
ifolds. The reader can find a smooth morphism f : X ^ Y from a 
compact complex non-Kahler manifold X onto K = with connected 
fibers such that f*u)x/Y — C>pi(—2) (see [FnlO, Example 6.1]). This 
example is due to Atiyah. Therefore, Theorem 3.5 does not hold for 
compact non-Kahler manifolds. Of course, by this example, we see that 
Theorem 5.4 does not hold true without assuming that X is a compact 
complex manifold in Fujiki’s class C. For the details, see [FnlOj. 

As a generalization of Theorem 5.2, we have Conjecture 5.11, where 
we are allowing the coefficients of A to equal one. 

Conjecture 5.11. Let X be a smooth projective variety and let A 
he an effective Q-divisor on X such that SuppA is a simple normal 
crossing divisor and that the coefficients of A are less than or equal to 
one. Then the log canonical ring 

OO 

R{X, Kx + A) = ^ H\X, Ox{[m{Kx + A)J)) 

m=0 

is a finitely generated <C-algebra. 

Remark 5.12. Of course, we think that Conjecture 5.11 also holds for 
compact complex manifolds in Fujiki’s class C. However, I could not 
reduce Conjecture 5.11 for compact complex manifolds in Fujiki’s class 
C to Conjecture 5.11 for projective varieties. Therefore, Conjecture 
5.11 for compact complex manifolds in Fujiki’s class C may be much 
harder than for projective varieties. For the details, see [FnlOj. 

I have already discussed Conjecture 5.11 in detail in a joint paper 
with Yoshinori Gongyo (see [FG]). In [FG], we clarihed the relationship 
among various conjectures in the minimal model program related to 
Conjecture 5.11. So we do not repeat the discussions about Conjecture 
5.11 here. We strongly recommend the interested reader to see [FG]. 

In order to prove Conjecture 5.11, the following famous conjecture 
seems to be unavoidable. I think that it is a very difficult open problem 
for higher-dimensional algebraic varieties. 

Conjecture 5.13 (Nonvanishing conjecture). Let X he a smooth pro¬ 
jective variety such that the canonical divisor Kx is pseudoeffective. 
Then we have H^{X,Ox{rnKx)) 7^ 0 for some positive integer m, 
equivalently, n{X) > 0. 

For the reader’s convenience, let us recall the definition of pseudoef¬ 
fective divisors. 


ON SEMIPOSITIVITY, INJECTIVITY AND VANISHING THEOREMS 33 

Definition 5.14. Let X be a smooth projective variety and let D be 
a Cartier divisor on X. Then D is pseudoeffective if D + A is big for 
every ample Q-divisor A on X. 

The characterization of pseudoeffective divisors via singular hermit- 
ian metrics may be helpful. 

Remark 5.15. Let X be a smooth projective variety and let D be a 
Cartier divisor on X. Then D is pseudoeffective if and only if Ox{D) 
has a singular hermitian metric h with \/^AQh > 0 in the sense of 
currents. 

The characterization of uniruled varieties due to Boucksom-Demailly- 
Paun-Peternell (see [BDPP]) is important and helps us understand 
Conjecture 5.13. 

Theorem 5.16. Let X be a smooth projective variety. Then X is 
uniruled if and only if Kx is not pseudoeffective. 

For the reader’s convenience, we recall the definition of uniruled va¬ 
rieties. 

Definition 5.17. Let X be a smooth projective variety with dimX = 
n. Then X is uniruled if there exist a smooth projective variety Y with 
diniT = n — 1 and a dominant rational map F x X. 

Therefore, Conjecture 5.13 says that the Kodaira dimension of X is 
nonnegative if X is not covered by rational curves. Thus, Conjecture 
5.13 looks very reasonable. However, I do not know how to attack it. 

Remark 5.18 (Added in September 2016). By Kenta Hashizume’s 
recent result. Conjecture 5.13 implies that any projective log canonical 
pair (X, A) such that Kx -|- A is pseudoeffective has a minimal model. 
For the details, see [Has]. 


6. Appendix 

In this appendix, we collect some dehnitions, which may help us 
understand this paper, for the reader’s convenience. For the details, 
see [Fn3] and [Full]. Recall that a scheme means a separated scheme 
of finite type over C in this paper. 

6.1 (litaka dimension and Kodaira dimension). Let X be a normal 
projective variety and let D be a Q-Cartier divisor on X. Then k{X, D) 
denotes the litaka dimension of D. More precisely, 

m^oo log m 
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For the definition of YmD \, see 6.4 below. Let X be a smooth projec¬ 
tive variety. Then we put k{X) = k{X, Kx) and call it the Kodaira 
dimension of X. 

6.2 (Q-factorial). Let X be a normal variety. Then X is called Q- 
factorial if every prime divisor D on X is Q-Cartier. 

Note that Q-factoriality sometimes plays crucial roles in the minimal 
model program. The notion of terminal singularities and canonical 
singularities is indispensable in the minimal model program. 

6.3 (Terminal singularities and canonical singularities). Let X be a 

normal variety such that Kx is Q-Cartier. If there exists a projective 
birational morphism f : Y ^ X from a smooth variety Y such that the 
exceptional locus Exc(/) = ^ simple normal crossing divisor 

on Y. In this situation, we can write 

Xy = + 

i&I 

If Oj > 0 for every i ^ I, then we say that X has only terminal singular¬ 
ities. If Oi > 0 for every i E I, then we say that X has only canonical 
singularities. It is well-known that X has only rational singularities 
when X has only canonical singularities. 

6.4 (Round-down of Q-divisors). Let D = Y^aiDi be a Q-divisor on 

a normal variety X. Note that Di is a prime divisor for every i and 
that Di ^ Dj for i ^ j. Of course, Oj G Q for every i. We put 
ID\ = call it the round-down of D. For every rational 

number x, [xj is the integer defined by x — 1 < [xj < x. 

In the minimal model program, we usually use the notion of pairs. 

6.5 (Singularities of pairs). A pair (X, A) consists of a normal variety 
X and an effective M-divisor A on X such that -l-A is M-Cartier. A 
pair (X, A) is called kawamata log terminal (resp. log canonical) if for 
any projective birational morphism / : R —)■ X from a normal variety 
Y, a(X,X, A) > —1 (resp. > —1) for every E, where 

Ky = nXx + A) + a(X, X, A)E 

E 

defines a{E, X, A). Let (X, A) be a log canonical pair and let hF be a 
closed subset of X. Then W is called a log canonical center of (X, A) 
if there are a projective birational morphism f : Y ^ X from a normal 
variety Y and a prime divisor E on Y such that a(E, X, A) = —1 and 
that /(X) = W. 
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To help understand Theorem 2.12, Theorem 2.13, and Theorem 3.6, 
we quickly explain the notion of simple normal crossing pairs and some 
related topics. 

6.6 (Simple normal crossing pairs). Let Z he a simple normal cross¬ 
ing divisor on a smooth variety M and let B be an M-divisor on M 
such that Supp(i? + Z) is a simple normal crossing divisor and that B 
and Z have no common irreducible components. We put = B\z 
and consider the pair (Z, A^). We call (Z, A^) a globally embedded 
simple normal crossing pair. A pair (A, A) is called a simple normal 
crossing pair if it is Zariski locally isomorphic to a globally embedded 
simple normal crossing pair. If {X, A) is a simple normal crossing pair 
and A is a divisor on a smooth variety M, then (A, A) is called an 
embedded simple normal crossing pair. Of course, a globally embed¬ 
ded simple normal crossing pair is automatically an embedded simple 
normal crossing pair. 

6.7 (Strata and permissibility). Let (A, A) be a simple normal crossing 
pair. Assume that the coefficients of A are in [0,1]. Let u : A^ —)■ A 
be the normalization. We put 

+ e = i^*{Kx + A), 

that is, 0 is the sum of the inverse images of A and the singular 
locus of A. Then we see that (A^, 0) is log canonical. Let W be a 
closed subset of A. Then W is called a stratum of (A, A) if W is an 
irreducible component of A or the i^-image of some log canonical center 
of (A*^, 0). A Cartier divisor D on A is permissible with respect to 
(A, A) if D contains no strata of (A, A) in its support. A hnite M-linear 
combination of permissible Cartier divisors with respect to (A, A) is 
called a permissible M-divisor with respect to (A, A). 

We need the notion of nef and log big divisors for Theorem 2.13. 

6.8 (Nef and log big divisors). Let / : (F, A) —)■ A be a proper mor¬ 
phism from a simple normal crossing pair (F, A) to a scheme A. As¬ 
sume that the coefficients of A are in [0,1]. Let vr : A —)■ F be a 
proper morphism between schemes. Let H be an M-Cartier divisor on 
A. Then H is nef and log big over V with respect to / : (F, A) —)■ A 
if H is nef over V and Lf |/(w) is big over vr o /(IF) for every stratum 
IF of (F, A). Note that if H is ample over V then H is nef and log big 
over V with respect to / : (F, A) —)■ A. 

For Theorem 2.12 and Theorem 2.13, let us recall the dehnition of 
M-linear equivalence. 
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6.9 (M-divisors). Let Bi and B 2 be two M-Cartier divisors on a scheme 
X. Then i?i is linearly (resp. Q-linearly, or M-linearly) equivalent to 
denoted by Bi ~ B 2 (resp. Bi ~q B 2 , or Bi B 2 ) if 

k 

B, = B2 + J2rm 

i=l 

such that fi G r(X, and r* G Z (resp. r* G Q, or r* G M) for every 
i. Here, ICx is the sheaf of total quotient rings of Ox and JC*x is the 
sheaf of invertible elements in the sheaf of rings fCx- We note that 
{fi) is a principal Cartier divisor associated to fi, that is, the image of 
fi by r{X,X*x) r{X,X*x/Ox), where 0*x is the sheaf of invertible 
elements in Ox- 

Let f '■ X ^ y be a morphism between schemes. If there is an 
M-Cartier divisor B on Y such that 

Bi B 2 + f*B, 

then Bi is said to be relatively M-linearly equivalent to B 2 . It is denoted 
by Bi B 2 or Bi ~R,y B 2 . 
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